The quasi-integrable deformation of the Nonlinear Schrödinger equation, obtained through deformation of the corresponding potential by Ferreira it et. al. [JHEP 1209[JHEP (2012, is shown to be identifiable with non-holonomic deformation of the same system, both locally and asymptotically, under specific conditions. The latter deformation is obtained explicitly for the generalized coupled Nonlinear Schrödinger system. The expected incompatibility of the two deformations, by respective definitions, is explicitly obtained further. These aspects emerge from a phase-modulus coupling condition, obtained for the non-holonomic Nonlinear Schrödinger equation. Similar conditional correspondence of non-holonomic deformation with non-integrable deformation of the same system is found to extend beyond quasi-integrable one, namely, that achieved with local scaling of the amplitude.
Introduction
The integrable PDEs appearing in field theory are best studied via Lax pair method or zero curvature equation, these are deemed integrable if they contain infinitely many conserved quantities which are responsible for the stability of the soliton solutions [1] .
Not long ago, Ferreira et al considered modifications of the NLSE to investigate the recently introduced concept of quasi-integrability [10] , where they modified NLS potential of the form V (|ψ| 2 ) 2+ε , with ε being a perturbation parameter, and showed that such models possess an infinite number of quasi-conserved charges. On the other hand, nonholonomic (NH) deformation for field theoretical integrable models is characterized by constraints in the form of a nonlinear differential equation involving only x-derivatives on a single perturbing function, obtained by deforming the original integrable equation [11] . This type of integrable deformation is relatively new, which also allows to build infinite-dimensional framework of Euler-Poincaré-Suslov theory [12, 13] .
In the present work, we seek a connection between NH and QI deformations, subjected to the NLS system. This is of interest owing to the fact that QI systems retain integrability in the asymptotic limit, whereas NH deformation maintains integrability generically. Even locally in the perturbative limit, the QI deformation (QID) could appear as local inhomogeneity of the NLS system, of the same form as in NH deformation (NHD). Therefore, though essentially different, these two deformations should be identifiable under certain conditions. In doing so, a clear-cut demonstration of the distinction between the two deformations is expected. It is found that although having totally independent motivations, these two deformations can be identified, both locally as the phase of the corresponding QI amplitude becomes space-independent, and asymptotically where moduli of QI amplitude and NH inhomogeneity become flat. Expectedly in both cases, the system regains integrability. However, in general, they have distinct analytical and physical nature, with a clear criteria. This makes sense as NHD maintains integrability whereas QID does not, by respective definitions. In the next section, we demonstrate the NH deformation of NLS system, obtaining the hierarchy of constraints; followed by in Section 3 describing various types of QIDs of the same system in the defocussing case, with explicit condition derived for compatibility with the NH counterpart. This conditional compatibility of NHD is further seen to extend beyond QID to local scaling of the NLS amplitude. We conclude by pointing out possible outcomes.
NH deformation of NLS equation
It would be pertinent to explain what exactly is meant by the NHD of integrable systems. Perturbation generally disturbs the integrability of a system. However, when we consider NHD of an integrable system, the system gets perturbed with a deforming function in such a way that under suitable differential constraints on the perturbing function, the system maintains its integrability. The constraints are furnished in the form of differential relations and they turn out to be equivalent to a non-holonomic constraint.
To construct these NHDs, one starts with a Lax pair, keeping the space part U (λ) unchanged but modifying the temporal component V (λ). This implies that the scattering problem remain unchanged, but the time evolution of the spectral data becomes different in the perturbed models. In the next section, the explicit effect of this nature will be reflected by the exclusive time-dependence of the parameters when NHD can be identified with QID. Corresponding to these deformed systems, it is possible to generate some kind of two-fold integrable hierarchy. One method is to keep the perturbed equations the same but increase the order of the differential constraints in a recursive manner, thus generating a new integrable hierarchy for the deformed system. Alternatively, the constraint may be kept fixed at its lowest level, but the order of the original equation may be increased in the usual way, thereby leading to new hierarchies of integrable systems.
The respective spatial and temporal components of the Lax pair for the NLS equation are given by,
The paired NLS equation, in terms of both q and r,
can be obtained as consistency equations, by imposing the usual zero-curvature condition:
The only scale present in the system is the spectral parameter λ, defining the corresponding solution space. In order to obtain a deformation of the temporal part, that maintains integrability through the flatness condition of the type in Eq. 2, it is intuitively clear that the deformation part will be a function of λ. We propose the following additive deformation term to the temporal Lax component of the NLS equation:
where,
so that the time part of the Lax pair takes the form,
The corresponding zero curvature condition now takes the form:
The adopted deformation of Eq. 3 contains only O λ −1 terms. The presence of higher order terms in λ (zero or positive powers) only lead to additional perturbed dynamical systems at each order, and vanish when the terms are substituted order-by-order. This is because the NLS equations arise from contributions of O λ 0 in the flatness condition, and the presence of any higher order contribution is decoupled from the dynamics governed by the same. Therefore, the highest order deformations end-up yielding trivial identities, that eventually eliminates all the contribution with positive powers of λ in the NLS equation. One can verify this by adding a term with positive powers of λ to V deformed . Therefore, the expression in Eq. 3 is general as far as zero or positive powers of λ are concerned.
The O λ 0 terms in the zero-curvature condition leads to the deformed pair of the NLS equations:
Such deformations are trivially expected and they effectively make the original NLS equations inhomogeneous by introducing source terms g 1,2 to the dynamics. Such equations are already known to form integrable systems, and thus, satisfy our primary goal.
The O λ −1 sector in the flatness condition, on equating the coefficients of the generators σ 3 , σ + and σ − , yields constraints:
on the functions a, g 1 and g 2 respectively. These equations can be combined, through mutual substitution, to give rise to the differential constraint:
Using the above equation to eliminate the deforming functions g 1 and g 2 in the deformed NLS equations (Eqs. 7), a new higher order equation is obtained as,
Such an equation is subjected to the dynamics of Eqs. 7, and therefore do not yield any new dynamics, and eventually reflects the constraint itself in a different form. This is in accord with the previous argument that no term, with power of λ other than that responsible for yielding Eqs. 7, can yield dynamics to the NLS system, as it will violate the overall integrability of the system itself.
The constraint of Eq. 9 is non-holonomic in nature, as it contains differentials of corresponding variables, and characterizes the corresponding deformation. It is crucial that such a constraint solely arises from the terms with negative power of the spectral parameter. Further, explicit forms of the local functions a, g 1 and g 2 are not necessary to establish the integrability, and they represent a class that satisfies the constraint in Eq. 9. In other words, as constraints arise form O λ −1 contributions, and additionally restrict the allowed values of q and r of the deformed dynamics of O λ 0 . The prior being necessary for integrability of the latter enforces any solution of Eq.s 7 to be valid for Eq. 10. For the defocussing case r = q * , which is of main interest of present comparative study between NHD and QID of NLS system, Eq.s 8, 9 and 10 exactly reduces to those found for NH NLS system in Ref. [14] , with the exact solution constructed phenomenologically. Therein, further demonstration of a twofold integrable hierarchy from the constraint Eq.s 8 in defocussing case was done, with one being higher order NLS equations with constrained perturbation. This is discussed in a general framework considering O λ −1 perturbation below. The other hierarchy appears as the tri-Hamiltonian formulation of self-induced transparency (SIT) equations [15] , with explicit integrability and isospectral flows, and thereby establishing the same for the NLS counterpart. This is rather a special case of NHD where the flows regarding deformed equation and constraints do commute, unlike the general scenario where they do not, as demonstrated for KdV6 system [16] .
Although we have considered only an O λ −1 deformation of the NLS system, this process can be extended to ones with higher negative power of λ as a hierarchal deformation structure [14] , with additional constrained dynamics. To show that, we next consider a 'higher' order deformation by taking,
where the second order contribution G (2) has the form.
As a consequence, the zero-curvature condition, with the new V deformed , leads to the following results:
(i) No change occurs in the deformed NLS equations, as the new contribution V deformed is of order O λ −2 .
(ii) Picking up the terms in λ −1 and equating the coefficients of the generators σ 3 , σ + and σ − successively, we are led to the following new set of conditions:
finally leading to the following extended differential constraint:
withL(g 1 , g 2 ) given in Eq. 9.
(iii) The additional presence of O λ −2 terms in the zero-curvature condition yields a second constraint of the form,L
with f 1,2 replacing g 1,2 , respectively, in Eq. 9.
Thus, the perturbed NLS equations (Eqs. 7) remain the same, although the order of the differential constraint is increased recursively, thereby creating a new integrable hierarchy for the corresponding system. This is possible as the NLS equations are exclusively sensible to the O λ −1 contribution of V deformed (λ), with any other additional deformations, of O (λ −n ) , 1 < n ∈ Z, contributing to higher order constraints, in addition to the extensions to the lower order ones.
In the next section, the QI deformation of the NLS system will be discussed, which preserves integrability of the system only partially. A comparison of the same with the NH deformation will illustrate critical aspects of integrability conditions of the concerned system.
Quasi-Integrable Deformation of NLS Equations Models
Certain non-integrable models are known to possess physical properties similar to the integrable ones. This distinct class is found to contain models that have solitonic solutions, with properties very similar to those found in integrable ones [5] . In 2+1 dimensions, such solitonic structures are observed in baby Skyrme model having many potentials and in Ward-modified chiral model [17] . Therefore, recent attempts were made to model such systems as deformed version of integrable ones, with partially conserved nature, called quasi-integrable (QI) systems [10, 5] . They are viewed as parametric generalizations of their integrable counterparts. Such a generalization manifests itself through the existence of the functions P n [17] as,
wherein Q n s are the 'charges' that would have been conserved for the corresponding integrable system with vanishing P n s. In general, for quasi-integrable systems, only a finite number of P n s vanish. However, asymptotically, all of them disappear, rendering the quasi-integrable systems integrable asymptotically. In particular, for two soliton configuration, the anomaly has the property ∞ −∞ dt P n = 0, with conserved asymptotic charges: Q n (t = ∞) = Q n (t = +∞). For breather-like solutions, the corresponding asymptotic condition is Q n (t) = Q n (t + T ). For other configurations, such as multi-soliton systems, P n s do not vanish, but display interesting boundary properties of topological nature [17] . Recently, the concept of quasi-integrability has been extended to suspersymmetric models too [18] .
The QI systems are usually obtained through deforming the 'potential' term in the equation of motion of the concerned integrable systems perturbatively [5, 17] . However, this form of deformation may not be unique [10] , especially for the NLS system. Then the curvature function of Eq. 6 is obtained to identify the anomaly function X , and it is found that F tx ∝ X = 0 [10] . In order to achieve this, gauge transformation is performed under the characteristic sl(2) loop algebra of the system and the equations of motion are utilized.
The QI NLS Construction
Our aim here is to obtain the analytic structure of the QI NLS equation, that can be compared with its NH counterpart of Eqs. 7, 9 and 10. Subjected to the liberty of choice in deformation of QI NLS system in Ref. [10] , the deformation in the NLS potential:
was adopted. Moreover, in terms of the Lax pair (U, V ), only the temporal component V was deformed so that the reverse-scattering properties remain unaffected. This essentially amounts to identifying the term(s) in V responsible for the non-linear term (potential) in the EOM, which can naturally be interpreted as functional derivative(s) of the potential V with respect to the modulus of the NLS amplitude. The QI deformation was introduced by substituting the deformed potential above into that functional derivative.
Before going ahead with the formal comparison with NH deformation, it is fruitful to concisely review the QI deformation performed in Ref. [10] . The anomalous charges were obtained through the standard Abelianization procedure by performing gauge transformations based on the characteristic sl(2) loop algebra of the NLS system, with the gauge-fixing condition that the new temporal Lax component is defined in the Kernel subspace of the loop algebra. The quasi-conserved charges Q n are found to satisfy,
where X being the curvature anomaly and α n s being the expansion coefficients of the same in the Kernel subspace, following the gauge transformation. Then, utilizing the Z2 symmetry (sl(2) automorphism ⊗ space-time parity) of the system, it was shown that all α n s are parity even. Thus, for NLS, as X is parity-odd by construction, the charges in Eq. 17 are conserved asymptotically (scattering limit) which ensures quasi-integrability of the system. This result is general upto the potential being dependent on the modulus |q|, the latter being parity-even, along with a phase that is parity-odd.
At the level of EOM, following Eq. 16, the NLS equation gets quasi-deformed as,
At this level, following the preceding discussion of NHD in Sec 2, it cannot be identified with QID absolutely. By definition, QI systems support a subset (infinite or finite) of total number of charges which are anomalous, whereas after NHD deformation, all the charges of the initial system remain conserved, and thereby the system still stays integrable, subjected to additional constraints. However, the condition of asymptotic integrability for QI systems, especially in case of NLS equation [10] , strongly suggest their conditional equivalence. Therefore, it is logical to expect certain limits to exist under which the QID-NHD correspondence can be realized.
We take the lead from the one-soliton solution for the deformed potential in Eq. 16 [10] :
with (ρ, v, x 0 ) ∈ R, which falls-back to the standard NLS bright soliton solution for ε → 0. Even otherwise, the 'deformed' soliton has the same asymptotic behavior as the undeformed counterpart [10] . We consider the ε → 0 approach to extract the NHD-QID correspondence locally. For comparison, the bright soliton solution or a NH NLS system is given as [14] ,
with velocity
Here λ 1 = ρ(x − vt) + iη, η being a parameter of deformation, andc(t) is the asymptotic value of the perturbing function. It is clear that all these parameters again approach their undeformed values asymptotically (|x| → ∞). Therefore, it complements the parametric limit ε → 0 of QID asymptotically.
In the limit ε → 0, the QI NLS system of Eq. 18 can be expanded as,
The logarithms on the RHS can be singular for |q| 2 → 0. Although multiplied with the term |q| 2 q, for some definite integral power (n ≥ 14) of log n (|q| 2 ), the real part of product will blow up. However, as the power of ε grows as n also, such a singularity is assured to be avoided. In fact, asymptotically speaking, localized soliton solutions given in Eq.s 19 and 20 always attain infinitesimal but non-zero values in physical systems, avoiding such singularities altogether. However, the QI deformation in Eq. 16 is not unique, as the following choices of deformation,
also works [10] . Such deformations fall within the general premises of the Hamiltonian approach of QID [19] , explored for the case of KdV systems. From the above deformations, one obtains the following QI NLS equations:
respectively. It is to be noted that only for the second equation above, the limit ε → 0 is necessary.
The last two examples reveal an important aspect. To obtain a QI NLS system in the form q t − i 2 q xx + i|q| 2 q = 0, as in case of NHD of Eq.s 2, it is not always necessary to take the ε → 0 limit. However, whenever ε effects the degree of non-linearity, the same becomes required. This makes sense as a stable solution for a given non-linear system depends on the counterbalance between dispersion and non-linearity, and when the degree of the latter is changed the immediate stable structures that still survive are small deviations of the original. This crucial aspect was highlighted in Ref. [10] along with numerical support. However, except for the need of a localized solution that has 'sensible' asymptotic behavior, the perturbative limit ε → 0 is not necessary for quasideformation [4, 5, 10, 18, 19 ]. This appears quite simply in case of the deformation of Eq. 23, wherein the ε does not appear in the power of the non-linear term and thus, the RHS is exact. Such a system with clearly higher order non-linearity can have stable solutions, but are expected to be very different from the undeformed counterparts. However, in the limit ε → 0 the system can always be expected to match asymptotically with the undeformed one, owing to the smallness of |q| in case of localized solutions.
Comparison with NHD
Following the Lax pair in Eq. 1, that leads to the dual NLS systems of Eq.s 7, the NHD can be achieved for both focusing (r = q * ) and defocussing (r = −q * ) NLS systems simultaneously. However, in case of QI NLS systems of Ref. [10] , the corresponding deformation was obtained specifically for the defocussing case. It is done as all the QIDs considered there were essentially the modifications at the level of NLS modulus |q|. Therefore, we consider the defocussing case, i. e., r = q * explicitly from hereon, for comparison between NHD and QID of the NLS system. It will be seen immediately that a conditional correspondence between the two is possible only in the defocussing case. It is to be noted that the focusing case corresponds to somewhat different QI treatment, following different asymptotic behavior at x → ±∞ [20] . In the defocussing case, Eq.s 7 and 8 leads to simpler results as,
a ∈ R and
not possible in the focusing analogue. The last of the above equations forces a constraint,
which in essence is equivalent to Eq.s 9 and 10 in the defocussing case. The above equation implicitly contain the possibility of correspondence with the QI counterpart of defocussing NLS system. Here, the NH constraint essentially translates as modulusphase correlation of the complex NH deformation parameter, the other one (a) being real and can be completely eliminated. Any function g 1 that satisfies Eq. 26 is a suitable candidate for NHD in the defocussing case.
Eq. 26 is a phase-modulus coupling for the complex function g 1 , that includes the phase φ of the NLS amplitude q, but not its modulus. This leaves enough room to choose R as R = R(|q|) accordingly. However, given the three examples in Eq.s 21, 23 and 24 of QI NLS systems, it is easy to see that the RHS of any of them will not fit g 1 subjected to the constraint in Eq. 26. This is because any one of them has the polar form: (modulus)× exp(iφ), and θ = φ cannot satisfy the constraint condition non-trivially, i. e., φ being spatially local. For φ being spatially global, the entire QI formalism of NLS system in Ref. [10] essentially yields an integrable system, as all the coefficients α n of Eq. 17 become parity-even (Appendix A of Ref. [10] ), leading to dQn dt = 0, ∀n, as the anomaly X = X(|q|) is parity-odd. This also leaves the NH modulus R to be undefined through the constraint in Eq. 26, thereby allowing for the identification of the same with the modulus of any of the RHSs of Eq.s 21, 23 and 24, thus making them non-holonomically integrable.
Therefore, we can conclude that QID and NHD of NLS system are essentially different, though the former can lead to the latter in trivial cases, such as that of spatially global phase (φ = θ ≡ f (t)) of the NLS solution. This case can be straight-forwardly verified for the higher-order NHD induced by the deformation in Eq. 11. In essence, the pure time-dependence of the NLS phase intuitively confirms NHD, the latter being usually characterized by explicit time-dependence of the parameters, that retains integrability in the defocussing case. Qualitatively, as NHD still leaves the system integrable, it is meaningful to have the same as a particular (simplified/trivial) case of QID. Also to be noted here that the QID parameter ε could be a local function (both in space and time) as per the general QI formalism of Ref. [10] , which would additionally require ε(x, t) to be parity even, in tandem with the same property of |q| assumed therein.
The last equation above reduces to a mere identity for f, g = 0, and the first two equations reduces to the usual NLS equation and its complex conjugate, yielding the usual defocussing case. As f and g are small (Eq. 28), the explicit form of the deformed equations of motion are:
and its complex conjugate, where the LHSs of both the equations correspond to the undeformed NLS system. It can clearly be read-off that if the deformation of Eq. 27 is kept only at the level of the potential (Eq. 16), then only the last terms in the square brackets on the RHSs in Eqs. 31 would have survived, which is the case for QID [10] .
The deformation terms in Eqs. 31 contain singular functions like logarithms and its square, of the modulus |q|. However, they are well-behaved and finite everywhere, as suitable powers of |q| are associated in the denominators, similar to the case of Eq. 21 of QID with ε → 0. Therefore, the expansion is indeed perturbative. This additionally ensures that the system will approach integrability asymptotically, as |q| is physically expected to be well-behaved there.
It is evident that the RHS of Eq. 31 is complex with the same phase φ of q, and thus, can satisfy the NH constraint of Eq. 26 for defocussing NLS only for the trivial case φ = θ = f (t) again, with the NH modulus R now free to be identified with the modulus part of the RHS of Eq. 31. Despite of the fact that the RHS therein is an infinite series, it can be identified with g 1 . Therefore, the conclusions regarding allowed identification with NH deformation for the QI NLS case also prevails for the local scaling of the NLS amplitude.
About The Asymptotic Behavior: On considering both q and g 1 to be localized and asymptotically well-behaved, the latter means for x → ±∞, R assumes fixed value(s), thereby R x → 0. This condition particularly effects Eq. 26 in the sense that now the constraint does not require φ = θ for θ x = 0. Therefore, even though asymptotically the phases of g 1 and the RHSs of deformed Eq.s 21, 23, 24 or 31 remain spatially local, the system is integrable as R(x → ±∞) now can freely be chosen as |RHS|(x → ±∞) respectively, and thereby identified with a NH one. The constraint is now applied by imposing a rather weaker condition θ(x → ±∞, t) = φ(x → ±∞, t) ≡ f (t), the last equality coming from Eq. 26 as R x = 0. This complements the identification with the NH NLS system, following the pure time-dependence of the parameter. Therefore, we finally can conclude that for the class of deformations (QIDs and the particular local scaling of the modulus) of the defocussing NLS system, they can be identified with the NHD of the same system; locally for the trivial temporal dependence φ = θ = f (t) of the phases and asymptotically (x → ±∞) as the moduli R and |q| become spatially constant.
A crucial aspect of NH deformation was the role played by the power of spectral parameter λ. Though naively it can be expected that ε = ε(λ), the appearance of ε in Eqn. 31 nullifies the same, as the zero-curvature condition always leads to equations of motion with O λ 0 contribution. Given that the framework of NH deformation of NLS system is true, its constraints cannot come from the same order of λ. This re-affirms the fact that in general that the QID of the NLS system cannot be converted into the NHD of the same locally, as the latter is integrable by construction.
Conclusion
We have demonstrated, through explicit analysis of both NH and QI deformations of the defocussing NLS system that these two classes have distinct analytical structures. The former induces inhomogeneity in the NLS system, in addition to higher order differential constraints based on the order of the spectral parameter, all the while keeping the integrability of the system intact. The latter locally obstructs integrability, by making a subset of the charges anomalous. However, apart from the vanishing of the deformation parameter ε, the QID can return to complete integrability as a NHD when the phases of NLS amplitude and NH inhomogeneity becomes equal, and thereby space-independent. Moreover, both kind of deformations can asymptotically be identified, following locality of the respective moduli of NLS amplitude and NH inhomogeneity. This was intuitively expected, given the known recovery of integrability by QI systems for localized solutions asymptotically. It will be of interest to extend this approach to other integrable systems, with additional focus on specific solution domains.
